Proportional hazards (PH), proportional odds (PO) and accelerated failure time (AFT) models have been widely used to deal with survival data in different fields of knowledge. Despite their popularity, such models are not suitable to handle survival data with crossing survival curves. Yang and Prentice (2005) proposed a semiparametric two-sample approach, denoted here as the YP model, allowing the analysis of crossing survival curves and including the PH and PO configurations as particular cases. In a general regression setting, the present work proposes a fully likelihoodbased approach to fit the YP model. The main idea is to model the baseline hazard via the piecewise exponential (PE) distribution. The approach shares the flexibility of the semiparametric models and the tractability of the parametric representations. An extensive simulation study is developed to evaluate the performance of the proposed model. In addition, we demonstrate how useful is the new method through the analysis of survival times related to patients enrolled in a cancer clinical trial. The simulation results indicate that our model performs well for moderate sample sizes in the general regression setting. A superior performance is also observed with respect to the original YP model designed for the two-sample scenario.
Introduction
Proportional hazards (PH) models have played a central role in the analysis of survival data. Such class of models provides a very flexible framework to model survival data. They further allow an easy interpretation of the parameters from the practical point of view. The main assumption of the PH models is the proportionality of the hazard ratios over time. When such assumption is not verified by the data, some alternatives such as the proportional odds (PO) and the accelerated failure time (AFT) models can be used in the analysis. However, none of them is suitable to accommodate survival data with crossing survival curves. This type of problem is often related to studies involving treatment and control groups. The survival function for one group may have a fast decay in contrast with a slow decay for the other. The curves tend to intersect at some time point configuring an inversion in terms of who is on the top/bottom position. Studying this alteration is relevant in many clinical trials, where the identification of the crossing time indicates when the target treatment for a disease can be considered effective.
Survival data with crossing survival curves may arise due to several reasons in practice. For instance, Diao et al. (2013) indicates that this may occur in certain clinical trials related to aggressive treatments such as surgery. Some adverse effects can be observed in an initial stage, but beneficial results may appear in the long run. According to Breslow (1974) , another situation connected with crossing survival functions is when a treatment has an early and quick effect and it becomes similar to or worse than the placebo treatment after certain period.
Several approaches have been proposed in the literature to accommodate this crossing feature in survival data. The most popular ones are based on time-varying regression coefficients; see, for example, the references Egge and Zahl (1999) , Shyur et al. (1999) and Putter et al. (2005) . Alternatively, Yang and Prentice (2005) presented a semiparametric two-sample model (hereafter denoted as YP model) for this type of problem. The feature "two-sample" refers to the scenario where, for example, there is a treatment and a control group that can be conveniently represented through a binary variable. The YP proposal is an interesting option, since it includes the PH and PO representations as particular cases. In their model, the baseline hazard function is left unspecified, in fact a counting process is assumed leading to a survival step function. A pair of short-term and long-term hazard ratio parameters is included to accommodate crossing survival curves. In addition, a pseudo maximum likelihood approach is considered for the estimation procedure. Consistency and asymptotic normality of the resulting estimators are demonstrated in the paper. Yang and Prentice (2011) extended the estimation procedure in Yang and Prentice (2005) to pointwise and simultaneous inference on the hazard ratio function itself. They further proved the consistency and asymptotic normality of the estimates at a fixed time point. Yang et al. (2012) proposed two omnibus tests to evaluate the adequacy of the YP model. The first test is based on the martingale residuals and the second one examines the contrast between the non-parametric and model-based estimators of the survival function. Diao et al. (2013) extended the two-sample YP model to a general regression setting with possibly time-dependent covariates; the study developed an efficient likelihood-based estimation procedure. The authors also demonstrated the consistency, asymptotic normality and efficiency of the resulting estimators. The YP model has also been extended by Tong et al. (2007) to accommodate current status survival data. Another extension is found in Zhang et al. (2017) to fit case II interval-censored data.
The use of semiparametric methods for univariate survival data started with Cox (1972) on the proportional hazards model. Breslow (1972) and Breslow (1974) are two initial publications proposing the use of the piecewise exponential (PE) distribution to replace the baseline hazard in a survival analysis. The grid configuration for a PE model is a central topic in Kalbfleisch and Prentice (1973) ; they explore different interval sizes for regular grids. According to the authors, the grid should be chosen independently of the data. Many applications, related to clinical trials and involving the PE distibution, can be found in the literature; some few examples are: leukemia (Breslow, 1974) , gastric cancer (Gamerman, 1991) , kidney infection (Sahu et al., 1997; Ibrahim et al., 2001) , breast cancer (Sinha et al., 1999) , melanoma (Demarqui et al., 2014) and hospital mortality (Clark and Ryan, 2002) . Although parametric in a strict sense, the PE model has a strong nonparametric appeal. The main reason is the fact that assumptions about the shape of the baseline hazard are not required in this approach.
The main contribution of the present paper is to propose a novel fully likelihood-based approach to handle right-censored survival data with crossing survival curves. This is done by assuming the PE distribution to deal with the baseline hazard in the YP model. We emphasize that using the semiparametric PE approach to extend the original YP model has never been considered in the literature. Some important advantages of the methodology proposed here are: (i) it has the tractability of parametric models; (ii) it provides a continuous survival function being convenient for the detection of the intersection point of two survival curves; (iii) it has the flexibility of a semiparametric model allowing different shapes for the hazard function, in contrast with the limited counting process assumed in the YP model and their extensions; (iv) the routine for maximum likelihood estimation and inference is straightforward and easy-to-implement. Another point to be highlighted is the fact that the original reference for the YP model is focused on the two-sample case leaving the general regression setting for future work. We explore the PE model with categorical and continuous covariates in this paper.
This work is organized as follows. The proposed model is described in Section 2. A comprehensive Monte Carlo simulation study is conducted in Section 3 to evaluate the performance of the models. Section 4 shows an empirical illustration where the new model is applied to study the survival times of patients enrolled in a gastric cancer clinical trial. Finally, Section 5 presents the main conclusions, final remarks and discuss future research.
Model formulation
Let T be a nonnegative random variable representing the time until the occurrence of an event of interest. In order to accommodate survival data with crossing survival curves, Yang and Prentice (2005) proposed the following model
where z = (z 1 , · · · , z p ) is a set of explanatory variables, λ = exp{zψ} and θ = exp{zφ}, ψ = (ψ 1 , · · · , ψ p ) and φ = (φ 1 , · · · , φ p ) are vectors of regression coefficients without intercepts, and R 0 (t) = F 0 (t)/S 0 (t) corresponds to the baseline odds. The hazard function, associated with (1), can be expressed as
where F 0 (t) = 1 − S 0 (t) and h 0 (t) = − d dt log (S 0 (t)). The YP model has some interesting and attractive features. First, it is easy to see from (1) and (2) that the PH and PO models arise as particular cases when ψ = φ and ψ = 0, respectively. Another point is that a scenario with crossing survival curves can be obtained when ψ j φ j < 0, for any pair of coefficients (ψ j ,φ j ) and j = 1, · · · , p. Finally, it follows from (2) that
The quantities λ and θ can be interpreted as the short-term and long-term hazard ratios, respectively. In addition, the elements ψ and φ can be regarded as the short-term and long-term regression coefficients, respectively.
We now describe the main aspects related to the piecewise exponential distribution. Consider a time grid ρ = {a 1 , ..., a m−1 } inducing the following set of intervals:
with a 0 = 0. We shall assume that the baseline hazard function appearing in (2) is constant in each interval induced by ρ, that is
for t ∈ I k and k = 1, · · · , m. The choice of the time grid in ρ has a significant impact in terms of goodness-of-fit for the target model. A time grid with a large number of intervals might provide unstable estimates for the failure rates. On the other hand, time grids with few intervals might lead to poor approximations to the true survival function. In practice, the time grid selection must seek a balance in terms of how well the hazard and survival functions can be estimated. Several approaches have been proposed in the literature to address this issue. We shall assume here that the time grid ρ is a known quantity composed by a subset of the observed failure times. For a detailed discussion regarding the choice of ρ, we recommend reading Demarqui et al. (2011) and references therein.
Following Demarqui et al. (2011) , the baseline survival function S 0 (t|ξ, ρ) can be conveniently expressed as:
where
Consider now a random sample of size n, all elements are independent, and denote by T i and C i the failure and censoring times, respectively. Let z i be a 1 × p vector of explanatory variables associated with the i-th element in the sample. Assume that the censoring mechanism is non-informative. In addition, the failure times are right-censored so that
represent the set of parameters to be estimated. Since the time grid ρ is regarded as a known quantity in this paper, its notation will be suppressed here for simplicity.
The likelihood function can be expressed as follows:
where F 0 (y i ) = 1 − S 0 (y i ), λ i = exp{z i ψ} and θ i = exp{z i φ}.
In order to obtain the maximum likelihood estimates (MLEs) for the parameters, denoted byΘ, we proceed to the direct maximization of the log-likelihood function l(Θ) = log L (Θ; D) by using the quasi-Newton BFGS method available in standard statistical softwares such as R (R Core Team, 2018) and SAS (www.sas.com). The BFGS has been widely used in the literature to solve optimization problems; see (Fletcher, 2000) for details. Finally, the variance-covariance matrix ofΘ can be approximated by inverting the observed information matrix I (Θ) = −l (Θ), which is readily provided, if requested, when applying the BFSG through the R general purpose optimization command optim.
In the next section we empirically investigate some asymptotic properties of the MLEs through a simulation study. This is a comprehensive study based on synthetic data replicated in a Monte Carlo (MC) scheme. The main idea is to explore different aspects of the proposed model and compare its results with those from the standard YP model.
Simulation study
In this section, we present a Monte Carlo simulation study to evaluate the performance of the model introduced in the previous section. There are two main purposes in this analysis: (i) compare the proposed model with the two-sample semiparametric model in Yang and Prentice (2005) and (ii) evaluated the performance of the new model in the general regression setting.
In order to generate the synthetic data sets, the Weibull baseline survival function S 0 (t|α, γ) = exp {−γt α }, with α = 1.50 and γ = 0.05, is assumed to generate the failure times (t i 's). The censoring times (c i 's) are obtained from the U(0, τ ), with τ chosen so that the censoring rate is approximately 30% of the observed data. Recall that the final time reported for each sample unit is given by y i = min{t i , c i }. We begin the simulation study with the two-sample scenario. The MC schemes are configured with 1,000 data sets and they explore three different sample sizes: n = 50, n = 100 and n = 200. In each case, a single binary covariate is included assuming z i ∼ Bernoulli(0.5), for i = 1, · · · , n. All models were implemented and fitted using the R programming language (R Core Team, 2018). In terms of optimization, we emphasize that the BFGS method is applied through the function optim available in R. The semiparametric YP model in Yang and Prentice (2005) can be fitted through the R package YPmodel; see more details in Yang and Prentice (2010) , Yang and Prentice (2011) and Yang et al. (2012) .
The survival function, defined in the semiparametric YP model, is a step function with jumps on the observed failure times. In order to ensure a fair comparison between our PE model and the original YP model, the endpoints of the intervals forming the grid in the PE model are set to be the observed failure times. In other words, each interval contains exactly 1 observation. Naturally, other configurations including more than 1 time point per interval can be applied and this is expected to improve results.
The relative bias reported in Table 1 is calculated according to the following formulation:
In this expression consider that: κ is a generic parameter,κ is the maximum likelihood estimate and κ true is the true value. The relative bias is basically the ratio between the estimation error and the magnitude of the true value. Negative and positive results indicate underestimation and overestimation, respectively. The fraction is multiplied by 100 to adjust scale leading to a quantity indicating a percentage representing how big is the error with respect to the magnitude of the true value. This quantity is commonly used in the survival analysis literature. Table 1 shows the results of the Monte Carlo simulation study. As can be seen, neither the proposed model nor the YP model performed well when the sample size is small (n = 50). In this case, both models show relative biases above ≈ 10% and coverage probabilities far from the nominal level for all parameters. Now looking at the moderate sample sizes (n = 100 and n = 200) the results in Table 1 change in favour of the proposed PE model. It is evident that the PE model has a superior performance with respect to the standard semiparametric YP model. Although an improvement in terms of relative bias reduction can be observed for both models under moderate sample sizes, the proposed model provides smaller relative biases and indicates coverage probabilities closer to the nominal level of 95%.
Another important aspect exhibited in Table 1 is the similar results for the ASE and SSDE related to the proposed PE model. The similarity between these quantities is expected in a MC study, since the MC error for a parameter tend to reflect, on average, the estimator standard error in each replicated data set. Note that this type of result is not true for the standard semiparametric YP model, which seems to overestimate the standard errors of the parameter estimators. In addition, this bad behavior can explain the wider average 95% confidence interval limits and the coverage probabilities above the nominal level observed for this model.
We now turn our attention to the general regression setting. Moderate to large data sets were considered in this analysis to investigate the performance of the proposed PE model assuming a regression structure with four covariates. Synthetic data sets were simulated taking into account three different sample sizes: n = 100, n = 200 and n = 500. We again use the MC scheme with 1,000 replications. The following short-term and long-term linear predictors are explored:
where z 1i ∼ Bernoulli(0.5), z 2i ∼ N(0, 1), z 3i ∼ Bernoulli(0.5) and z 4i ∼ N(0, 1), for i = 1, · · · , n. The main reference Yang and Prentice (2005) is entirely focused on the two-sample scenario and does not explore the general regression setting. In fact the paper indicates that the standard YP model can be extended to incorporate covariates, but this was left for future work in that opportunity. The corresponding R package YPmodel does not allow the analysis using the general configuration. As a consequence of this point, in the next analysis we do not confront the results from the PE model and the standard YP case. Recall that, for comparison reasons, the time grid for the PE model was initially chosen (analysis of Table 1), with 1 observation per interval. The results presented in Table 2 are obtained by assuming a different grid structure. In this case, the number of intervals is given by m = √ n. This choice is convenient to reduce the computational burden to fit the model. The endpoints of the intervals are chosen according to the ideas described in Demarqui et al. (2011) .
As it can be seen from Table 2 , relative biases are reasonably low, especially for n = 200 and n = 500. In addition, the coverage probabilities are, in general, close to the nominal level of 95%. Another important aspect observed here is the fact that both bias and ASE tend to decrease as the sample size increases. The results displayed in Table 2 also indicate that the standard errors of the parameters are being well estimated, since the ASE and SSDE have similar values for all parameters; this is true regardless of the sample size under investigation. Overall, the proposed model seems to perform well in the general regression setting for moderate to large data sets.
Real data application
This section is dedicated to the analysis of a real data set freely available through the R package YPmodel under the label of gastric; see also Gastrointestinal Tumor Study Group (1982) as a formal reference for more details. This gastric cancer data set has become a common application in the literature related to survival analysis and, more specifically, it can be easily found in studies dealing with crossing survival curves; some few references Diao et al. (2013) , Lee (2011) and Yang (2018) . The experiment in this clinical trial involves 90 individuals diagnosed with locally unresectable (advanced) gastric cancer. The participants were randomly assigned to the following groups: (i) the control group composed by 45 patients receiving chemotherapy and (ii) the treatment group including 45 patients receiving a combination of chemotherapy and radiation therapy. These individuals were followed within this study for about 5 years. Three variables are reported in the data set for each patient: the time response representing either a failure (time to death) or a right censoring, a binary failure indicator identifying those patients experiencing the event of interest and, finally, a group binary indicator with 1 meaning the treatment category. Note that this application contains a single binary covariate; therefore, it can be explored and compared via the PE and YP standard models. Table 3 summarizes the results obtained for both models. As it can be observed, the short-term (ψ) and long-term (φ) regression coefficients, within each model, are estimated with opposite signs and they have distinct magnitudes. This can be observed by either looking at the point estimate (column Est.) or the 95% confidence intervals. This behavior is a clear indication of survival curves having an intersection at some intermediate time point between 0 and the maximum. In other words, the top and bottom positioning of the curves are inverted for the intervals below and above the crossing time point; see Figure 1 for a visual idea. This inversion suggests the existence of an alteration in the effectiveness of the treatment at some point during the follow up period of the study. In general, the results tend to be similar when comparing the corresponding estimates from both models. Note that the standard error related to ψ is larger then the one for φ. In addition, all p-values from the z-test are small, indicating significant estimates. One interesting and attractive feature of the proposed PE model is the fact that it provides a continuous survival function. This aspect allows us to apply standard procedures to find the roots of nonlinear equations to determine accurately the time point at which the survival curves intersect each other. One possibility to handle this problem in R is to use the command uniroot (Brent, 1973) for unidimensional searches. In line with this idea, right after fitting our PE model to the gastric cancer data, we apply the uniroot function to conclude that the crossing time occurs, for this application, at the time point given by the day 863 within the full period of the study. From the practical point of view, this means that before the day 863, the patients in the control group (only chemotherapy) have better survival rates than those in the treatment group. On the other hand, the benefits of combining chemotherapy with radiotherapy tend to emerge in a later stage of the study (after day 863).
The left panel of Figure 1 shows: the Kaplan-Meier curves associated with the two treatments and the survival curves estimated via the semiparametric PE and YP models. The right side panel of Figure 1 displays the estimated survival curves, provided by the proposed PE model, along with the estimated time at which the survival curves are expected to cross. As can be seen in the left panel, both models seem to accommodate and represent well the data, since their estimated survival curves tend to agree with the Kaplan-Meyer survival estimates.
Conclusions
This paper presents a fully likelihood-based approach to deal with crossing survival curves as an extension to the standard YP model proposed in 2005 for a two-sample case. The main difference with respect to other extensions of the YP model is the fact that we take advantage of the piecewise exponential semiparametric modeling to allow a flexible representation of the baseline hazard function. This also configures the main contribution of the paper, since no other study combining these two aspects (YP model structure and PE distribution) can be found in the literature of survival analysis. Using the PE distribution brings some advantages when comparing to other semiparametric options for the YP model. The PE model preserves the flexibility of the semiparametric models and the tractability of the parametric ones. In addition, it is relatively easy-to-implement using standard maximization routines. Estimation of parameters, hazard function, survival function and hazard ratios is straightforward. Another important aspect to be emphasized is the fact that the survival function has a continuous representation via the PE model; this is not true in the original YP model and other approaches presented in the literature, where a step function is obtained as the survival representation. As a result of this feature, the time in which the survival curves (treatment and control groups) intersect each other can be easily and accurately determined.
A comprehensive MC simulation study was developed to examine the performance of the proposed PE model in comparison with the YP model. The results indicate that the PE model provides better results with smaller relative biases being observed for most parameters. Using synthetic data sets, the behavior of the PE model was also investigated for a general regression setting involving several covariates. The standard YP model can be extended to this context, but the original paper in 2005 does not explore this type of result. Our findings suggest that the PE model also has a good performance when dealing with several covariates.
The final analysis of the paper is focused on a real application related to a well known data set related to a clinical trial for patients detected with advanced gastric cancer. In summary, the results of the PE and YP model are similar and they clearly indicate significant regression coefficients with opposite signs, which is expected for the scenario where the survival curves have an intersection.
In terms o future work, we plan to develop an R package to fit the proposed PE model. The approach presented here can also be extended to accommodate survival data with cure fraction and interval-censored observations. This is beyond the scope of the current paper and will be addressed in upcoming papers.
